A simple nonvariational wave function for two electron atoms is described. The radial part is derived from the asymptotic one-electron wave functions that are modified to account for the proper core boundary conditions. The electron-electron correlation is described by an ansatz which has the correct behavior for r 12 →0 and r 12 →ϱ. The additional parameter in this ansatz is calculated from a perturbation calculation. This wave function yields ground-state energies for the heliumlike atoms with Zϭ1 (H Ϫ ) to 10 (Ne 8ϩ ) within 0.0021-0.0068E h of the exact energies, which is significantly better than obtained with previous models. We also calculated ͗r 2n ͘ and multipolar polarizabilities and performed other tests on this wave function.
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I. INTRODUCTION
As the simplest of all quantum systems in which electronelectron correlation has an important effect, the wave functions of two-electron atoms and ions have been investigated ever since the early days of quantum mechanics in great detail ͓1͔. Once this fundamental problem is fully understood the experience gained can be applied to more complicated many-electron systems. These wave functions are needed not only to understand the properties of the free particles but also to describe the behavior of these systems in the presence of external fields, and their interaction with each other and with other systems. A recent particularly interesting application is the demonstration that the He-He van der Waals potential can be fully determined knowing only the ionization energy, the precise asymptotic behavior of the free helium atom wave function, and the dispersion coefficients ͓2͔.
The most accurate wave functions of two-electron systems are obtained from variational calculations. A few examples of this approach are the calculations of Chandrasekhar and Herzberg ͓3͔, Frankowski and Pekeris ͓4͔, and Freund et al. ͓5͔ . For two-electron systems even highprecision calculations including relativistic and QED corrections can be carried out ͓6͔. However, for a deeper understanding of the atomic properties, it is desirable to have simple, analytic wave functions which can account for the essential important physical features of the exact wave functions. Here we mention several recent efforts in this direction. A systematic expansion in powers of the hypersperical radius Rϭ(r 1 2 ϩr 2 2 ) 1/2 and lnR, usually designated as the Fock expansion ͓7͔, which is especially accurate for small R and formally solves the Schrödinger equation ͓8͔, has been considered for two-electron systems ͓9-11͔. In another approach ͓12͔, asymptotic wave functions have been obtained by considering a large-r expansion after separating out the leading exponential term. In more recent work ͓13-15͔, correlation has been incorporated by including the cusp factor as first suggested by Hirschfelder ͓16͔. While all these approaches have some positive aspects, none of them appears to incorporate all the correct features of the exact wave function.
In Sec. II we review some general properties of the exact two-electron wave function. Then in Sec. III we propose a simple radial wave function which satisfies these important local properties. An ansatz for a correlation function which correctly accounts for the electron-electron interaction in the two limits r 12 →0 and r 12 →ϱ is described. The additional parameter of this correlation function is calculated in Sec. IV. In Sec. V we use this wave function to calculate the ground state energies of the two electron systems H Ϫ , He, Li ϩ , . . . , Ne 8ϩ . This wave function yields ground state energies which agree between 0.0021-0.0068E h with the exact energies. This wave function is also used to calculate ͗r 2n ͘ and multipolar polarizabilities. The reliability of the wave function is demonstrated by subjecting it to several critical tests. Atomic units are used throughout.
II. SOME GENERAL PROPERTIES OF EXACT EIGENFUNCTIONS
The exact eigenstates of the atomic Hamiltonian have several well known properties. For example, the expectation value of the Hamiltonian has a minimum at the exact eigenfunction. Similarly, the virial theorem can be used to relate the average kinetic and potential energies. These properties, which are called global properties, have been the basis of many variational calculations. Here, however, our interest is in the local properties such as the spatial behavior of the wave functions in specific regions of configuration space. By analyzing these properties and incorporating each of them, we have constructed an optimized but simple wave-function which has the proper behavior in all regions.
The s-states of a two-electron atom or ion are described by the Hamiltonian
In our approach the wave function is separated into two parts, ⌿͑r 1 ,r 2 ,r 12 ͒ϭ⌽͑ r 1 ,r 2 ͒ϫ f ͑ r 12 ͒, ͑2͒
where the second factor, which depends only on r 12 , is called the correlation function f (r 12 ). This approximation was already introduced by Hylleraas ͓17͔ and used often afterwards ͓18͔. The total wave function of Eq. ͑2͒ must satisfy the following three local properties: it has to fulfill specific boundary conditions as either r 1 or r 2 go to zero. On the other hand, if either r 1 or r 2 goes to infinity, the wave function must satisfy the well known asymptotic conditions. If r 12 goes to zero and the two electrons coalesce, the wellknown correlation cusp condition has to be fulfilled. Finally as r 12 goes to infinity f (r 12 ) has to equal unity.
A. Small-r behavior of the total wave function
When r 1 goes to 0, the two leading terms in the Hamiltonian are 1 2 ٌ 1 2 and ϪZ/r 1 . From this, one can show that the total wave function of an s-state should start off as ͓19͔
where g 0 (r 2 ) and g 0 (r 1 ) are only functions of r 2 and r 1 , respectively. These equations follow from Kato's theorem ͓20͔ of electron-nucleus coalescence,
where r can be either r 1 or r 2 and ''av'' stands for spherical averaging. Thus the exact eigenfunctions must satisfy these boundary conditions at small values of r 1 and of r 2 . For the wave function of Eq. ͑2͒ these conditions must be fulfilled by ⌽(r 1 ,r 2 ).
B. Large-r behavior of the total wave function
When r 1 goes to ϱ, electron 1 is essentially in the Coulomb field of the nucleus shielded by electron 2. Therefore the wave function of electron 1 is determined by its long range asymptotic form which is a Whittaker function ͓12,21-23͔. The leading term is
where ␤ϭͱ2E I , E I is the first ionization energy, and A is the asymptotic normalization constant. For r 1 →ϱ the total energy of the system is EϭϪZ 2 /2ϪE I , since ϪZ 2 /2 is the energy of the one electron ion core. Therefore ␤ can be written as
Furthermore, the wave function of the residue system is hydrogenic with a nucleus of charge Z,
Thus it follows from Eq. ͑5͒ that
where A is the normalization for the asymptotic function. Of course, there are other properties such as relations for higher partial waves similar to Eq. ͑3͒ or higher order terms in Eq. ͑5͒. They may be important, if higher precision is required ͓23͔. Again with the ansatz of Eq. ͑2͒ the asymptotic conditions have to be fulfilled by ⌽(r 1 ,r 2 ).
C. The electron-electron correlation function
Clearly in the region where r 12 is very small relative to r 1 and r 2 , the r 12 Ϫ1 term will dominate the potential. Kato ͓20͔ formally and rigorously showed that
where the factor of 1/2 is because of the reduced mass of the two electrons, and their charges being both negative. This condition is known as the correlation cusp. As a consequence of Eq. ͑9͒ the wave function at small r 12 must start off as ͓24͔
where ⌽ is independent of r 12 . According to Eq. ͑10͒ the logarithmic derivative is equal to 1 2 at r 12 ϭ0. Although the wave function may not go to zero for r 12 →0 the radial probability density does. This can be easily seen using the coordinate set (r 1 , r 2 , r 12 ) in which the volume element is proportional to r 12 .
From Eq. ͑10͒ it follows that the simplest correlation function is ͓25͔ This function, however, has the disadvantage that the derivative is discontinuous at r 12 ϭD. As far as we are aware, calculations based on this correlation function have not been reported in the literature. Other, in most cases more complicated, correlation functions have been proposed in literature ͓32͔.
In this paper, we propose the following simple correlation function which has the desired properties at r 12 ϭ0 and r 12 ϭϱ:
where is a variational parameter. Its small r 12 expansion is
so that it satisfies the cusp condition of Eq. ͑9͒. On the other hand, as r 12 becomes large the function Eq. ͑14͒ has the desirable feature that it increases monotonically to unity. In the following section we describe how Eq. ͑14͒ facilitates the calculation of the ground state energy of two electron atomic systems. In a forthcoming paper, we will use this function to treat the electron-electron correlation in the surface integral method for the exchange energy in a molecular system.
III. A MODEL WAVE FUNCTION
A wave function satisfying the boundary conditions and properties expressed by Eqs. ͑3͒, ͑8͒, and ͑14͒ can be expected to provide a realistic description of the spatial dependence of the wave function in the entire configuration space of the electrons. Consistent with the ''different orbitals for different spins'' approach ͓33͔ we therefore propose the following total wave function which has all these three properties for the ground state: 
͑16͒
where B is related to the normalization constant A of the asymptotic wave function by
The only additional parameter c is determined below from the small-r limiting behavior. Note that Eq. ͑16͒ is symmetric with respect to the interchange of r 1 and r 2 . To determine c we expand Eq. ͑16͒ in the region of small r 1 ͑or r 2 ),
Ϫr 12 ͪ .
͑18͒
Then the electron-nucleus coalescence condition of Eq. ͑3͒ is only satisfied if
͑19͒
Therefore c becomes
Finally we call attention to the fact that the wave function in Eq. ͑16͒ with ␤ given by Eq. ͑6͒ and c by Eq. ͑20͒ has all the required properties discussed in Sec. II, i.e., the correct behavior for r 1 or r 2 →0 and ϱ, and for r 12 →0 and ϱ. Only one parameter remains, which may be determined variationally or from some other considerations as discussed in the next section.
IV. THE CORRELATION PARAMETER
The customary way to determine the only remaining parameter is to invoke the variational method and determine the energy E self-consistently. First, with an assumed ␤ ͑for example, ␤ϭZ), we vary until a minimum in the energy E calculated according to
is achieved. With this E, we calculate ␤ according to Eq. ͑6͒ and then repeat the process. This iteration converges quickly, usually after two or three cycles. The calculations of the matrix elements in Eq. ͑21͒ are straightforward, and some of the details are given in the Appendix. The only input parameter for different systems is the nuclear charge Z. Values of and the corresponding energies are listed in Table I . Next we show that in fact can be determined analytically. For this we split the Hamiltonian into a perturbation, which is 1/r 12 , and a zeroth-order Hamiltonian given by the remaining terms in Eq. ͑1͒. The wave function ⌽(r 1 ,r 2 ) is assumed to be the eigenfunction of this zeroth-order Hamiltonian so that the total wave function is given by ⌿͑r 1 ,r 2 ,r 12 ͒ϭ⌽ 0 ͑ r 1 ,r 2 ͒ f ͑ r 12 ͒ϭe ϪZ͑r 1 ϩr 2 ͒ f ͑ r 12 ͒. ͑22͒
This approximate wave function has the correct small-r behavior but the asymptotic, r→ϱ condition is not properly fulfilled. Inserting Eq. ͑22͒ into the Schrödinger equation with the full Hamiltonian, we obtain
with the eigenenergy E 0 ϭϪZ 2 of the zeroth-order Hamiltonian. The terms ٌ ជ 1 ⌽ 0 and ٌ ជ 2 ⌽ 0 are easily calculated. After dividing both sides by ⌽ 0 , a differential equation for f (r 12 ) is then obtained,
To solve for f (r 12 ) in the limit r 12 →0, f (r 12 ) is assumed to be a regular function for small r 12 and can therefore be written as a power series,
With the expansion r 2 ϭr 1 Ϫr 1 ជ •r 12 ជ /r 1 ϩ••• one can show that the second term in Eq. ͑26͒ is of order O(r 12 ). Equating all terms proportional to r 12 Ϫ1 in Eq. ͑26͒ yields
which is equivalent to Kato's cusp condition Eq. ͑9͒. Equating the terms proportional to 1 yields
͑28͒ 
We thus have
͑30͒
With c 1 and c 2 determined in Eq. ͑27͒ and Eq. ͑30͒ a direct comparison with the expansion of the correlation function Eq. ͑15͒ becomes possible. The unknown parameter is calculated to be
Thus in this approximation is a simple linear function of Z. It may be noted that since the perturbative value in Eq. ͑29͒ is more accurate for larger values of Z, the expression for in Eq. ͑31͒ is particularly accurate for larger values of Z.
V. RESULTS
We now present the results of the calculations of the energies, expectation values ͗r 2n ͘, and dipolar and quadrupolar polarizabilities for the two-electron isoelectronic sequence, using our wave function in Eq. ͑16͒ with the parameters defined in Eqs. ͑6͒, ͑20͒, and ͑31͒. The parameter ␤, which depends on the ionization energy of the system, is determined iteratively.
A. Energies
The values of the energies for the two-electron isoelectronic sequence with Zϭ1Ϫ10 calculated for determined from Eq. ͑31͒, and variationally, are listed in Table I . The difference in the energies for these two calculations is so small for Zϭ2Ϫ10 that it does not appear within the five significant figures given in Table I . Only in the case of H Ϫ is there a slight difference. The present results are, to the best of our knowledge, the lowest parameter-free energies that have been reported up to now. Our results are much better than the simplest conventional one-parameter variational calculation which introduces an effective nuclear charge ͓34͔.
They are also far superior to other more involved oneparameter calculations ͓35,36͔. Particularly striking is the nonvariational energy of Ϫ0.5257E h for H Ϫ , which is very close to the exact result of Ϫ0.5278E h ͓37͔. The present value should be compared with the earlier two-parameter results of Ϫ0.506E h ͓38͔ and Ϫ0.5206E h ͓39͔ and the threeparameter results of Ϫ0.5213E h ͓40͔ and Ϫ0.5254E h ͓41͔. The importance of the asymptotic condition for H Ϫ was already seen in a former one-parameter calculation, reported by one of the present authors, which gave an energy of Ϫ0.5226 E h ͓36͔. The present nonvariational calculation recovers 95% of the correlation energy defined as the difference between the exact ͓37͔ and the HF ͓42͔ energies. This is improved to 97% by using as a variational parameter (EϭϪ0.5265E h ).
B. Expectation values Šr

2n
‹ Some important and useful properties of atomic isoelectronic sequences are the expectation values of r 2n . We have presented the values for these quantities, obtained from our nonvariational wave functions, in Table II , along with the results of other calculations. In particular, the expectation value ͗r 2 ͘ is known to be equal to 6, where is the diamagnetic susceptibility. For He, Li ϩ , and Be 2ϩ , for which other values have been reported ͓43,12͔, there is good agreement. Previous results for B 3ϩ and C 4ϩ are not available.
C. Multipolar polarizabilities
Our wave functions can be used to calculate multipolar polarizabilities. In the presence of a multipolar potential, the perturbed part of the wave function, ␦⌿(r 1 ,r 2 ,r 12 ), satisfies the inhomogeneous equation
where ⌿(r 1 ,r 2 ,r 12 ) is the unperturbed wave function given in Eq. ͑16͒. We obtain the first two terms for ␦⌿ in the asymptotic expansion, ␦⌿ϭϪ ͫͭ
ϪZr 1 f ͑r 12 ͒ϩ͑ r 1 ↔r 2 ͒.
͑33͒
The multipolar polarizability ␣ l is given by
͑34͒
Here we have left out the cross-terms which are expected to be unimportant. The values of the polarizabilities obtained for lϭ1,2 are given in Table II , along with the results of some other calculations ͓43,12͔. Again the agreement with other work is quite satisfactory.
D. Dependence of the correlation function on Z
In Fig. 1 we have plotted the -values given by Eq. ͑31͒ and those from the variational calculation as a function of the nuclear charge Z. The variational results can be fitted very well by a straight line ϭ0.386ϫZϪ0.283 which comes close to the perturbation calculation Eq. ͑31͒, ϭ0.417ϫZϪ0.333. Although, as shown in Fig. 1 the two sets of -values differ somewhat from each other, only in the case of H Ϫ is there a significant difference in the energies. As a result of the linear increase of with Z, the relative effect of the correlation becomes less important for heavier multiple charged ions. This is also confirmed in Fig. 2 , where the correlation function is plotted for the different nuclear charges. The small value of for H Ϫ seen in Fig. 2 indicates that the long range behavior of the correlation function is most important in this diffuse system whose two electrons are least tightly bound to the nucleus. Thus H Ϫ provides the most exacting test of the new correlation function. For larger Z, the values of the correlation function at r 12 ϭ0 approach 1. Since the total energy increases rapidly with Z 2 but the correlation energy is almost the same for all Z ͓42͔, the relative importance of correlation decreases with increasing Z. This is clearly illustrated in Fig. 2. 
VI. DISCUSSION AND CONCLUSIONS
There are several properties which a good wave function must possess. Of course the expectation value of the Hamiltonian must be close to the eigenvalue. However, the expectation value is rather insensitive to the large-r region, except in the case of H Ϫ , and hence is usually not a very good indicator of the overall quality of the wave function. We consider other, more detailed tests.
FIG. 3. The local energy test for H
Ϫ . The ratio between r 2 and r 1 is 1.1. The solid line shows F for r 1 ϭ0.5, the dashed line for r 1 ϭ1, and the dotted line for r 1 ϭ10. The upper panel shows the local energy for the present wave function Eq. ͑16͒ with from Eq. ͑31͒ and the lower one for the zeroth order wave function ⌿ϭZ 3 e ϪZ(r 1 ϩr 2 ) /.
FIG. 1. The two sets of values for the parameter are plotted against the nuclear charge Z. The solid line is calculated using Eq. ͑31͒. The variational points ͑squares͒ can be fitted by a straight line ϭ0.386ϫZϪ0.283 ͑dashed͒. All quantities are in atomic units.
FIG. 2. The correlation functions are plotted against Zr 12 for
Z from 1 to 10a 0 . was calculated using Eq. ͑31͒. The correlation functions are normalized to 1 for r 12 →ϱ. The slope at r 12 ϭ0 is /(1ϩ2). All quantities are in atomic units.
A. Local energy test
In the local energy test, or more descriptively, local satisfaction of the Schrödinger equation, one considers the function ͓44͔ .
͑36͒
The figures show that the function F for the present wave function is much closer to 1 than the function F for the zeroth order wave function. This local energy test is certainly an indicator of the good quality of our wave function, in particular, the correlation function we have proposed.
B. Virial theorem and the correlation test
If the wave functions are exact eigenstates, then they must satisfy the condition
where O is any operator. This can be used as a test for the quality of the model wave function. If O is r ជ 1 • p ជ 1 ϩr ជ 2 • p ជ 2 , then Eq. ͑37͒ leads to the virial theorem. For our problem, this is
The term on the left is proportional to the average kinetic energy and the term on the right is the average potential energy. The first two columns of Table III list the present potential energies and the ratios between the two energies for four systems. The good agreement with the result for the exact wave function, which is 2, is again an indicator of the good quality of our wave functions. If we take Oϭr ជ 1 •p ជ 2 ϩr ជ 2 •p ជ 1 , one obtains the relation ͓45͔
This relation, which may be regarded as a generalization of the virial theorem, can only be satisfied by wave functions which correctly account for the correlation. For example, in the independent particle approximation, the left-hand side and the first term on the right-hand side are both zero whereas ͗1/r 12 ͘ is not zero, so this relation is not satisfied. In Table III we have also listed the calculated values of the two sides for different members of the isoelectronic sequence. The near equality of the two sides except for H Ϫ is a strong indication of the reliability of our wave function in general and the correlation function in particular. We note that in the case of H Ϫ , since is quite small, the correlation is very sensitive to the value of , and for this reason we have in addition given the values of the two sides of Eq. ͑39͒ for the variational value of ϭ0.155. Fig. 3 for He.
FIG. 4. The same as in
TABLE III. The potential energies ͑PE͒ and the ratios of the potential and the kinetic energies ͑KE͒ calculated with the present wave function are listed in the first two columns. According to the virial theorem this ratio should be equal to 2. Also the right-hand side and the left-hand side of the correlation test ͓Eq.
͑39͔͒ are compared with the exact values. Without correlation the value of ͗p ជ 1 •p ជ 2 ͘ is equal to zero. Table III , one observes that the agreement is quite satisfactory.
C. Other correlation functions
In order to demonstrate the importance of the correlation function, we have calculated the energies of H Ϫ , He, and Li ϩ using different correlation functions. The results are shown in Table IV . The ⌽(r 1 ,r 2 ) parts were the same as discussed in Sec. II and only the f (r 12 ) part was changed. The simplest correlation function f (r 12 )ϭ1 neglects the effect of correlation entirely, the second one f (r 12 )ϭ1ϩ 1 2 r 12 includes the cusp condition in its simplest way, and the third correlation function is the one proposed in the present paper. It is clearly seen that the present correlation function leads to an improvement in the energy. Additional calculations revealed that the Hirschfelder correlation function Eq. ͑12͒ leads to almost the same results as with the present proposed correlation function although its large-r 12 behavior is incorrect. For the asymptotic normalization constant A in Eq. ͑8͒ one has with the present correlation function a value of 2.34 which is much closer to the ab initio value of 2.91 ͓46͔ compared to the value of 1.18 obtained with Hirschfelder's function. This illustrates the extreme sensitivity of A to the long range behavior of the correlation function.
D. Conclusions
The present calculation illustrates the importance of the asymptotic behavior, the small-r behavior, and the correlation factor for a proper description of the two-electron wave function. As far as we are aware it is the first successful derivation of a nonvariational wave function for simple twoelectron atoms and ions. Because of its simplicity and accuracy this wave function should prove very useful for calculating the effect of collective properties of two-electron systems. It would be interesting to extend these methods to atoms with more than two electrons. It should also be possible to extend this treatment to excited states, diatomic molecules, and atom-surface interactions. In this connection it is interesting to note that Le Sech and co-workers have used a related ansatz, but with two variationally determined parameters, to calculate the excited states of some two-electron atoms ͓13͔, the triplet states of H 2 and He 2 2ϩ ͓14͔, and recently the atom-metal surface potential ͓15͔. It is already clear that the correlation function presented here is preferable to other forms also for molecular calculations ͓47͔. 
